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THE CANONICAL CENTRAL EXACT SEQUENCE FOR LOCALLY 
COMPACT QUANTUM GROUPS 

PAWEL KASPRZAK, ADAM SKALSKI, AND PIOTR MIKOLAJ SOLTAN 


Abstract. For a locally compact quantum group tJ we define its center, and its quan¬ 

tum group of inner automorphisms, Inn(G). We show that one obtains a natural isomorphism 
between Inn(G) and G/^(G), we characterize normal quantum subgroups of a compact quan¬ 
tum group as those left invariant by the action of the quantum group of inner automorphisms 
and discuss several examples. 


1. Introduction 

If G is a classical group, it is elementary that its center, ^(G), and its group of inner auto¬ 
morphisms, Inn(G) fit into a short exact sequence of groups 

{e}-^ J“(G)-^ G-^ Inn(G)-^ {e} , 

where {e} denotes the one element group. If G is in addition equipped with a topology making 
it a locally compact group, 3f{G) is its closed (normal) subgroup, and Inn(G) admits a natural 
locally compact topology (of uniform convergence on compact subsets of G) and the sequence 
above becomes a short exact sequence in the category of locally compact groups. 

Recent twenty years brought a large increase of interest in studying extensions of various group- 
theoretic questions to the context of compact quantum groups of Woronowicz |36] and later to the 
category of locally compact quantum groups in the sense of Kustermans and Vaes m- Following 
a general approach of non-commutative mathematics, this requires reinterpreting various classical 
notions and properties in terms of appropriate function algebras. As a rule, locally compact 
quantum group extensions become usually significantly more intricate than their compact /discrete 
counterparts. Thus, for example, the notion of a closed quantum subgroup of a compact quantum 
group is relatively straightforward, and dates back already to [5^, and that of a locally compact 
quantum subgroup appeared in literature only in [SD] and was later investigated in detail in [7]. 
One significant difference lies in the fact that compact quantum groups are usually studied via 
their C*-algebras (or even Hopf ^-algebras), whereas the general locally compact situation is often 
best understood via von Neumann algebraic objects - this will also be the approach taken in this 
paper. 

Compact quantum groups are amenable to various universal constructions. Thus it should not 
be a surprise that a notion of the center of a compact quantum group G introduced in [22] (see also 
[5] and earlier [33]), inspired by the work of Miiger [2D] in the classical case, is based on one hand 
on the universal property {3f(G) is the largest central closed subgroup of G) and on the other 
on the categorical approach to compact quantum groups via their representation theory. One 
should note that central subgroups, so in particular .^(G), are automatically cocommutative, or 
in other words abelian (this terminology should not be confused with the statement that say C(G) 
is abelian - we then say that G is classical). The description of although in a sense non- 

explicit, allowed the authors of [22] and [5] to determine the center in several concrete examples. 
In particular one can easily see that .S°(G) is a normal subgroup of G in the sense of [34], and 
thus one can also consider the quotient compact quantum group G/3f(G), which in the case of 
G = G being classical would be isomorphic to the group Inn(G). 
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The starting point for our considerations in this paper is an observation that a beautiful theorem 
of Baaj and Vaes from [5] , characterizing closed quantum subgroups of a locally compact quantum 
group G via what we call Baaj- Vaes subalgebras of L°“(G) (G denotes the locally compact quantum 
group dual to G), provides a very useful replacement for the universal C*-algebra constructions 
familiar from the compact setting, and in particular permits a natural definition of i2°(G), again 
as a certain abstract maximal object. The center .J"(G) is a normal (in the sense of [31] or 
m) subgroup of G, and so we can speak about the quotient locally compact quantum subgroup 
G/S’(G). We show that one can construct an explicit von Neumann algebra M inside L°°{G) 
which is a Baaj-Vaes subalgebra, and so carries a natural structure of an algebra of essentially 
bounded functions on a locally compact quantum group, so that in the classical case the resulting 
locally compact group is precisely the group of inner automorphisms of the initial group. By 
analogy we denote M by L°“(lnn(G)) and call the locally compact quantum group Inn(G) the 
quantum group of inner automorphisms of G. Thus we obtain the following exact sequence of 
locally compact quantum groups: 

{e}-^ ^(G)-^ G-^ Inn(G)-^ {e} . 

We show that in general Inn(G) has a natural action on G, replacing in a sense the natural 
action of Inn(G) on G by inner automorphisms, and that invariance under this action can be 
used to characterize normality of a subgroup of a quantum group as defined by Wang in [35] . We 
present several examples of the studied constructions, in particular discussing the case of cocycle 
twists and duals of Drinfeld-Jimbo deformations. 

Let us mention here that on the Hopf algebraic level, the Hopf center ZH of a given Hopf 
algebra H was defined in [Tj as the largest Hopf subalgebra of H contained in its center. The dual 
notion, that of the Hopf cocenter CH, was also introduced therein. In [6] the corresponding pair 
of exact sequences of Hopf algebras was shown to exist and the issue of faithful (co)flatness was 
addressed. 

The detailed plan of the paper is as follows: in the next subsection we recall some of the 
basic facts and terminology concerning locally compact quantum groups. Section [2] introduces the 
definition of the center of a locally compact quantum group G and its basic properties, and Section 
[3] does the same for the quantum group of inner automorphisms of G; these two sections explain 
also the short exact sequence from the title of the paper. Further in Section 0] we investigate the 
action of Inn(G) on the dual quantum group G and relate it to the notion of normality for closed 
quantum subgroups and in a short Section [3] we discuss the cases of cocycle twists and duals of 
Drinfeld-Jimbo deformations. 

1.1. Background and terminology. By a morphism between von Neumann algebras we will 
mean a unital, normal *-homomorphism, and by a morphism between C*-algebras A and B a non¬ 
degenerate ^-homomorphism from A to M(B). The symbol G denotes the von Neumann algebraic 
tensor product, G the minimal/spatial tensor product of C*-algebras. The symbol cr will always 
denote the tensor flip map. 

Throughout the article symbols G and H will denote locally compact quantum groups in the 
sense of Kustermans and Vaes [16]. Here G is a virtual object, primarily studied studied via 
its associated von Neumann algebra of ‘bounded measurable functions’, L°°{G), but also via the 
C*-algebra Co(G) or its universal counterpart Cg(G) (the canonical reducing quotient map from 
Co(G) onto Co(G) will be denoted Ag). In the special case of G being discrete (see [3^ Section 
3]), we will write ^“(G) instead of L°°{G). 

The dual locally compact quantum group of G will be denoted by G; recall that both L°°(G) and 
L°°(G) are represented on the same Hilbert space L^(G). We will generally follow the terminology 
and conventions of the articles [a 03] [Mills]; in particular the multiplicative unitary W** is an 
element of L°“(G) G L°°(G) and the comultiplication of L°°{G) is given by the formula Ag(x) = 
W®(a; G 1)W®*, x S L°°(G). We will very often use the fact that the left slices of W"' by normal 
functionals generate L°°(G) and the corresponding right slices of W^ generate L°°(G). We say 
that G is classical if L°°(G) is commutative, as then indeed L°°(G) = L°°{G) for a uniquely 
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determined locally compact group G, and that G is abelian (also called cocommutative by some 
authors) if the coproduct Ac is symmetric: Ac = a o Ajj. In the latter case L°°{G) is the group 
von Neumann algebra vN(G) for some locally compact group G. Let us also mention here that 
G°P denotes the opposite locally compact quantum group of G, which arises from the same von 
Neumann algebra L°°{G) equipped with the flipped coproduct Ago? = cr o Ag- Symbols R, J, 
T (often adorned with the superscript G) will denote respectively the unitary antipode, modular 
conjugation and the scaling group of G. We will also use the leg numbering notation, popular in 
the quantum group literature, without further comment. 

Let G, El be locally compact quantum groups. A bicharacter from G to El is a unitary V S 
L°“(BI) ® L“(G) such that (Aj|(g)id)y = V 23 V 13 and (id® Ag)G = GL 2 V 13 ; these turn out to be in 
one-to-one correspondence with Hopf *-algebra morphisms in Mor(Cg(EI), Cq(G)), i.e. elements of 
Mor(Co(EI), Cq(G)) intertwining the respective coproducts, and should be thought of as morphisms 
from G to H. Bicharacters also lift to the universal level; in particular the multiplicative unitary 
of G, representing the identity map on G, has its universal version 'W'^ S M(Co(G) ® Cq(G)) 
and obvious semi-universal versions and W®' (cf. [7]). Note finally that if a bicharacter V 
describes a morphism from G to H, then cr(V}* represents its dual morphism, from El to G. All 
these facts can be found in [19] (see also [7]). We say that H is a closed quantum subgroup o/G in 
the sense of Vaes if there exists an injective von Neumann algebra morphism 7 : L°“(EI) —>■ L°°(G) 
intertwining the respective coproducts (one can then show the existence of a morphism from G 
to H, whose dual is naturally related to the map 7 ; moreover the corresponding Hopf *-algebra 
morphism is a surjection from Cg(G) onto Cq(EI)). As in this article we will not need any other 
notion of a closed quantum subgroup (see |7] for an extended discussion), instead of the longer 
phrase ‘a closed quantum subgroup of G in the sense of Vaes’ we will simply say ‘a closed quantum 
subgroup’ or even simply ‘a closed subgroup’. 

If N is a von Neumann subalgebra of L°°{G) (by which we always understand in particular that 
In = 1l“(G))) then we say that N is 

(1) central if N is contained in the center of L°°(G), 

(2) a left coideal if Ag(N) C L°°(G) G N, 

(3) a right coideal if Ag(N) C N ® L°°(G), 

(4) an invariant subalgebra if Ag(N) C N ® N, 

(5) a Baaj-Vaes subalgebra if N is an invariant subalgebra, i?(N) = N and for any t € M. we 
have Tt(N) = N. 

It follows from [21 Proposition 10.5], which we will refer to as the Baaj-Vaes theorem, that there 
is a bijective correspondence between subgroups of G closed in the sense of Vaes and Baaj-Vaes 
subalgebras of L°°{G). 

Let us also recall the notion of a normal coideal from m- A left coideal L C L°“(G) is normal 
if 


W®*(L(g)l)W^ C L® L°“(G) 


or, equivalently, 

W®(1 ® L)W®* C L°°(G) ® L. 


Note that in the case when G is a compact quantum group the notion of normality of a coideal in 
L°°(G) had been introduced earlier under the names of coaction symmetry [29j or simply symmetry 

m- 

Finally we will be using the notion of a co-dual coideal studied in [13] (with the idea dating back 
to [To]). Given a left coideal N C L°°{G) its co-dual object N is defined as the relative commutant 
N' n L°“(G). It can be shown that N is a left coideal in L°°(G) and that N = N. 


2. The center of a locally compact quantum group 

In this section we introduce a notion of the center iF(G) of a locally compact quantum group 
G (in particular, .^(G) will be a closed quantum subgroup of G) and discuss its first properties. 
Given a locally compact quantum group G we will use the symbol Z to denote the center of L°°(G). 
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Proposition 2.1. Let <G be a locally compact quantum group. Then the set of central Baaj-Vaes 
subalgebras of L°°{G) has a largest element. 

Proof. This is quite obvious: the set of central Baaj-Vaes subalgebras of Z is non-empty, as it 
contains Cl. Its largest element is the von Neumann subalgebra generated by the union of all 
such subalgebras. Clearly it is contained in Z and is itself a Baaj-Vaes subalgebra. □ 

Definition 2.2. The center of the locally compact quantum group G is the closed subgroup ^(G) 
of G such that L°°(^(G)) is the largest central Baaj-Vaes subalgebra of L°°(G). 

The center of a locally compact quantum group G is the largest subgroup whose “inclusion 
morphism” is central, as defined by [33] (see also [22] and in particular [5] where, more generally, 
central actions are discussed). 

Definition 2.3. Let G and H be locally compact quantum groups and let tt G Mor(CQ(G), Cq(]HI)) 
be a Hopf ^-homomorphism ([IS]). We say that tt is central if (id (8> tt) o = (id 0 tt) o cr o Ajt. A 
closed subgroup HU of G is central if the corresponding surjection tth: Cq(G) —>• Cq(]HI) is central. 

The next theorem makes precise the statement that ^(G) is the largest central subgroup of G. 

Theorem 2.4. 

(!) Let M be a central subgroup of G. Then the range of the corresponding inclusion 
7 : L°°(]HI) ^ L°°(G) is contained in Z. 

(2) The morphism tth factors through : Cq(G) —>■ Cq(.S°(G)). 

Proof. Since H is a closed subgroup of G, we have the normal inclusion 7 : L°°(]HI) ^ L°°(G). Let 
V G M(Co(G) ( 8 > Co(]HI)) be the corresponding bicharacter. The results of [7] show that we have 

(2.1) V= (Ag®AH)(id®^H)(W®), 
and 

(2.2) 7 (L°°(]HI)) = span'll (id 0 uj)(V) | uj G B(L^(]HI))*}. 

Now HU is central, i.e. (id ® tth) o Ag = (id 0 tth) o ct o Aq, so applying both these maps to the 
second leg of W® yields 

(2.3) Wf2[(id®^H)W«]i3 = [(id(8)^H)W«]i3Wf2. 

Now we apply (id 0 Ac, 0 Ah) to both sides of (12.31) and by (12.11) we find that 

Wf2Vi3 = TisW®. 

In view of (12.2p . this proves that the image of 7 is a central subalgebra of L°°{G) which establishes 

Cl). 

Statement follows from Lemma 12.51 below. □ 

Lemma 2.5. Let Hi and H 2 be closed quantum subgroups of a locally compact quantum group G 
with corresponding inclusions and surjections 

7. : L°°(g) L-(G), 1 ^ ^ ^ 2 

TTMi G Mor(Co(G),Co(Hi)), J 

Assume that the range 0/72 is contained in the range 71 . Then H 2 is a closed subgroup of Mi and 
the corresponding morphism 9 G Mor(Co(Hi), Co(H 2 )) satisfies 

(2.4) tthj = o tthi . 

Proof. The fact that H 2 is a closed subgroup of Hi follows immediately from [7] Theorem 3.3]. 
Indeed, defining A = 7 ]"^ o 72 we obtain a normal inclusion L°°(H 2 ) ^ L°“(Hi) commuting with 
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comultiplications. The bicharacters corresponding to the inclusion homomorphisms for Hi C G, 
H 2 C G and H 2 C Hi are respectively 

= (71 ( 8 )id)(W“i) e L“(G)( 8 ) L°°(Hi), 

i7= (72(8)id)(W“=) G L“(G)® L“(H 2 ), 

T = (A (g) id)(W"^) G L°°(Hi) (g L°°(H 2 ). 

Note that (71 (g id)T = U. 

The unitary T is a bicharacter, so (Ag~ (g id)r = T 23 T 13 which can be rewritten as 

iWfi )* T 23 Wfi = T13T23 OT 

(2.5) T23Wf^ = W“^Ti3r23. 

Applying (71 (g id g) id) to both sides of (j2.5ll and using multiplicativity of 71 we obtain 

T 23 V 12 = V 12 U 13 T 23 

which means precisely that the bicharacter U is the composition of V and T according to m 
Definition 3.5]. By |191 Theorem 4.8] the corresponding Hopf =i=-homomorphisms 7111^,71112 and 0 
satisfy (12.41) . □ 

Remark 2.6. Let us note here some straightforward consequences of the definition and Theorem 

[231 _ 

• the quantum group ^(G) is abelian (this follows from the fact that L°“(J°(G)) is com¬ 
mutative), 

• if G is a classical group then coincides with the classical center of G, 

• if G is abelian then = G; 

• if G is compact, then the notion of introduced here coincides with those considered 

in Section 6 of [22] and Section 2 of [5] (this follows from Theorem 12.4|1 . 

• if G is such that L°°(G) is a factor then clearly is trivial (L°“(.^(G)) is equal to 

Cl). This is the case e.g. for G one of the quantum “az -I- 6 ” groups or the quantum 
“aa; -I- 5” groups ([38l|28l|33) as well as in many other examples (see e.g. [11]). 

Remark 2.7. If G is a compact quantum group then it is easily seen from Theorem 12.41 and 
results of Bichon, Neshveyev and Yamashita [H Lemmas 1.1 & 1.3] that is the dual of the 

(discrete) chain group Ch(Rep(G)) of the representation category Rep(G) of G, i.e. the universal 
group with a map from the set of equivalence classes of representations of G with the property that 
[U] is mapped to [R][1T] if 1/ is a subrepresentation of the tensor product V®W. This generalizes 
the results of [ 20 ] and, more importantly, shows that the center of a compact quantum group is 
uniquely determined by its fusion semiring. In particular for any Drinfeld-Jimbo deformation Gq 
of a compact semisimple Lie group G (cf. Section we have 2f{Gq) = 2f{G). This theme is 
developed more thoroughly in [^. 

More examples of determining the center of a locally compact quantum group will be given in 
Section |5j 

Remark 2 . 8 . Let H be a closed quantum subgroup of a locally compact quantum group G with 
corresponding inclusion 7 : L°°(H) ^ L°°(G). It is easy to see that H is central if and only if 
7 (L°“(H)) is a central subalgebra in L°°(G) (cf. Theorem l2.4l) . It is also clear that if H is central 
then 7 (L“(H)) C L“(G) is a normal coideal in the sense of m Definition 4.1] (cf. Definition 
14.3p . It follows that it is strongly normal ([m Definition 4.5 & Theorem 4.6]). Thus the co-dual 
of 7 (L°“(H)) is a Baaj-Vaes subalgebra of L°°{G) and writing G/H for the corresponding locally 
compact quantum group we get the short exact sequence {e}—^H—^G—^G/H—^{e}. 

Applying the conclusion of Remark 12.81 to the subgroup ^(G) of a locally compact quantum 
group G we obtain the locally compact quantum group G/.S°(G) and short exact sequence 

(2.6) {e}-^^(G)-^G-^G/ir(G)-^ {e}. 
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In what follows we will analyze this short exact sequence. Note that, similarly to the compact 
quantum group case studied earlier by Patri and Chirvasitu, also here center is defined as a certain 
universal object and L°°(.^(G)) does not in general admit a concrete description. In the compact 
case the quantum group G/.S°(G) corresponds to what is called in a cocenter of G. 

Lemma 2.9. Let G be a locally compact quantum group and let X and Y be von Neumann subal¬ 
gebras of L°°(G). Then if either 

(1) Ag(X) c X(8> L°°(G) and Ag(X) c Y® L°“(G) 
or 

(2) Ag(X) C L“(G) G X and Ag(X) C L“(G) G Y 
then X C Y. 

Proof. Under assumption o the restriction A|^ becomes a (right) action of G on X. Therefore, 
by m Corollary 2.7] we have 

X = span"!(id 0 uj)A(x) | a; S X, w £ B(L^(G))*}. 

Since this set is contained in Y (by assumption) we have X C Y. 

In case of assumption ([2), the subalgebra i?(X) is a right coideal, so again 

i?(X) = span"!(id 0 oj)A(E(x)) | a; G X, cu € B(L^(G))*}. 

It follows that i?(X) c 7?(Y), so X c Y. □ 

Theorem 2.10. The largest central Baaj-Vaes subalgebra o/L°°(G) coincides with 
(2.7) L(G) = {y G L°°(G) | A^iy) G L°°(G) 0 Z}. 

Proof. It is clear that for x G L°“(^(G)) (i.e. in the largest central Baaj-Vaes subalgebra of 
L°°(G)) we have 

Ag(x) GL°°(5^))0L“(5^)) C Z 0 Z c L°“(G) 0 Z, 
so L°°{S^)) C L(G). 

The set L(G) is a left coideal in L°“(G) because if y G L(G) then for any oj G B(L^(G))^ 

Ag((a; 0 id)Ag(y)) = (w 0 id 0 id)((id 0 Ag)Ag(y)) 

= (w 0 id 0 id)((Ag 0 id)Ag(y)) 

G (w 0 id 0 id)((Ag 0 id)Ag(L(G))) 

C (w 0 id 0 id)((Ag 0 id)(L°°(G) 0 Z)) 

C (w 0 id 0 id) (L“(G) 0 L“(G) 0 Z) 

C L“(G)0Z, 

so (w 0 id)Ag(y) G L(G). It is also immediately clear from (12.71) that L(G) is r-invariant. 

Now Lemma [2.91 21. with G replaced by G, X = L(G) and Y = Z shows that L(G) C Z. 

Let us show that for y G L(G) we actually have 

Ag(y) G Z0Z. 

Indeed, take y G L(G) and let us write W for We have 

Wt2Ag(y)23Wi2 = Wt2W23(l 0 y 0 1 )W; 3 Wi 2 

= W]'2W23Wi 2(1 0 y 0 l)Wt2W;3Wi2 
= Wi3W23(l 0 y 0 l)W^ 3 Wt 3 

= Wi3(l0Ag(y))Wt3 

= 10 Ag(y) = Ag(y)23, 
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where in the second step we used the fact that y G Z and in the fifth that the right leg of Ag(j/) 
is in Z. Slicing the equality 

Ag(j/)23Wl2 = Wl2Ag(?/)23 

over the first and third leg we find that the left leg of Ag(j/) is in the center of L°°{G). 

It follows that we can rewrite (lO) in the following way 

(2.8) L(G) = {2 /eL-(G)|Ag(y) eZ®Z}. 

It is now easy to see that L(G) is a Baaj-Vaes subalgebra and we already know that it is contained 
in Z. Clearly it is the largest central Baaj-Vaes subalgebra because any element z of a central 
Baaj-Vaes subalgebra must necessarily satisfy 


so z belongs to L(G). 


Ag(z) e Z(g)Z 


□ 


Remark 2.11. The object L(G) can be equivalently defined as the largest left coideal in L°°{G) 
contained in Z. Indeed, we showed in the proof of Theorem 12.101 that L(G) is a left coideal 
contained in Z. Let L be a left coideal of L°°(G) contained in Z. Then for z S L we have 


so z G L(G). 


Ag(z) e L°°(G) (g) L c L“(G) O Z, 


3. The quantum group Inn(G) 

In the previous section we introduced the quotient quantum group G/J^(G) completing the 
exact sequence (12.61) . By definition L°°(G/.S°(G)) is the co-dual of the coideal L°“(.S°(G)) C 
L°°{G). In this section we provide another, explicit description of L°“(G/.^(G)), to be identified 
with L°“(lnn(G)). 

Theorem 3.1. Let M be the von Neumann subalgebra of L°°{G) generated by 
(3.1) {(w(g)id)(W(x(g)l)W*)|a;eL°°(G), to GB{L^{G))^}. 

Then M = L°°(G/^(G)). 

Proof. Let us first show that M is a left coideal in L°“(G). For any x G L°°(G) and w G B(L^(G))^ 
we have 

Aq((u 0 id)(W(a; g) 1)W*)) = (w ® id g) id)(id g) AG(W(a; g) 1)W*)) 

= (w g) id g) id)(Wi 2 Wi 3 (a: g) 1 g) 1 )W* 3 W* 2 ). 

Now, to see that the second leg of A(k((cli g) id)(W(a: g) 1)W*)) belongs to M, slice the left leg of 
the above equality with y G 

{y g) id)AG((a; g) id)(W(a; g) 1L)W*)) = (w g) 77 g) id)(Wi 2 Wi 3 (x g) 1 g) 1)W*3W32). 

It follows that the set 

{(77 g) id)AG((a; g) id)(W(a; g) 1)W*)) | x G L°°(G), tv,y G B(L^(G))^} 
coincides with 

{(w g) 77 g) id)(Wi 2 Wi 3 (a: g> 1 g) 1)W33W32) I X G L°°{G), tv,y G B(L^(G))^} 

= {(w' g> 77 ' g) id)(Wi 3 (a; g) 1 g) 1 )W 33 | ^ ^ S B(L^(G))^} C M. 

Let us now determine the co-dual of M. An element y G L°°{G) belongs to M if and only if for 
any x G L°°{G) we have 

W(x g) 1)W*(1 g) y) = (1 g) y)W{x g) 1)W* 
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which is the same as saying that W*(l 0 y)W commutes with all elements of the form x®! with 

X e L“(G). 

Note that W*(l ® y)W = (T(Ag(y)), and so it belongs to L°°(G) ® L°°(G), and therefore we 
conclude that y G L°°{G) is in M if and only if W*(l ® y)'W £Z® L°°(G) or, in other words, 

M = { 2 / G L°°(G) I Ag(y) G L“(G) G Z}. 

We have shown in Theorem 12.71 that this is precisely the subalgebra of L°°(G). It 

follows that _ 

M = M = L°“(G/^(G)). 

□ 

Corollary 3.2. The von Neumann algebra L°°(G/.S°(G)) can also be described as the von Neu¬ 
mann subalgebra of L°°(G) generated by 

(3.2) {(a;(g)id)(W*(x(8)l)W)|a;GT°°(G), u € . 

Proof. Denote by N the the von Neumann subalgebra of L°°{G) generated by (j3.2p . For any 
X G L°°{G) and w G B(L^(G))^ we have 

J((w G id)(W(a; G 1)W*)) J = (JwJ (8> id)(( J 0 J)W{x ® 1)W*( J 0 J)) 

= (Ja;J(8)id)(W*(Ja;J(8)l)W) 

(cf. [H Equation(5.22)]). It follows that N = R{M) = i7(L“(G/^(G))) = L°°(G/^(G)). □ 

It follows immediately from Theorem l3.1l that the von Neumann subalgebra of L°°{G) generated 
by dSl]) is a Baaj-Vaes subalgebra. The proof of this fact given above is short and simple. We 
would like to stress, however, that one can prove this without referring to iF(G) at all. More 
precisely, one can easily establish that, using the notation of the proof of Corollary 13.21 we have 
N = i?(M). But we can also show that actually N = M; take a selfadjoint y G M. Using the fact 
that M C Z we get JyJ = y and compute 

W(1 (8> 2 /)W* = W( J JyJ){J ® J)W* 

= (J G J)W* (1 G 2 /)W( J (8> J) 

£{J®J){Z® L^{G)){J®J) 

C Z® L“(G)' C Z® B{L\G)) 

as the map L°°(G) 5 u 1 -^ JuJ G L°°(G) preserves Z (this map is the composition R o *). It 
follows that each selfadjoint element of M belongs to N, and hence 

(3.3) M c N. 

Applying co-duality to both sides of (13.31) we obtain M D N and, as N = i?(M), we have 

M D R{M). 

Since R^ = id, this shows that M = i?(M) = N. 

Thus, given a locally compact quantum group G, the von Neumann subalgebra M of L°“(G) 
generated by 

{(w ® id)(W(a; ® 1)W*) | a; G T°°(G), w G B(l 2(G))4 
is a Baaj-Vaes subalgebra. By the Baaj-Vaes theorem (cf. Section [1]) the algebra M with comulti¬ 
plication Ag||^ becomes an algebra of functions on a locally compact quantum group. 

Definition 3.3. Let G be a locally compact quantum group and let M C L°°(G) be the subalgebra 
generated by 

{(w ® id)(W(a; ® 1)W*) | a; G L°°(G), w G B(l2(g)),}. 

We define the locally compact quantum group Inn(G) by setting 

L°“(lnn(G)) = M and Ai„„(g) = Ag|^. 
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In view of Theorem o we immediately conclude that Inn(G) = G/^(G). Nevertheless we 
would like to keep the double terminology because, as we will see later on, the natural interpretation 
of Inn(G) is that of the group of inner automorphisms of G (see Section |4]) . 

Thus, from (12.61) we immediately obtain existence of the following short exact sequence: 

{e}-^ ^(G)-^ G-^ Inn(G)-^ {e}. 

Remark 3.4. An important point is to note that equality of Inn(G) and G/3f{G) shows that 
the object defined by a universal property (namely Q /defined via the universal property 
of 2f{G)) has a much more concrete description given by our definition of Inn(G). This can be 
very helpful in concrete cases (see e.g. Remark 13.61) . We are grateful to Alexandru Chirvasitu 
for pointing out to us that for compact quantum groups this result can be also deduced from 0 
Proposition 2.13 (b)]. 

3.1. Inn(G) for G a compact quantum group. In this subsection we let G be a compact 
quantum group. We will denote by Irr(G) the set of equivalence classes of irreducible unitary 
representations of G and for each t € Irr(G) we will choose a representative m'' of t. Then it'’ € 
MnX^) G where 0(G) is the Hopf =i=-algebra associated to G. The direct sum 

© 

tGlrr(G) 

can be interpreted as either W G M(Q(G) © C“(G)) or as W G £°“(G) ® L°°(G) depending on 
whether we view 0(G) as a subalgebra of C“(G) or C(G) (or L°°(G)). Recall that G is coamenable, 
so W = W and W = W. 

Theorem 3.5. Let G be a compact quantum group and let A be the C*-subalgebra o/C(G) gen¬ 
erated by the subset 

(3.4) {(a;(g)id)(W(x(8>lL)W*) |a; G (1(G), w G (1(G)*}. 

Then A satisfies A(g(A) C A ® A and H defined by C(IHI) = A and Ah = Ag|q^jj^ is a compact 
quantum group. Moreover M. coincides with Inn(G). 

Proof. Let us take a matrix unit in a direct summand M„^(C) of Q(G) = 0 M„^(C) and 

/A€lrr(G) 

let uj'j. I be the functional on Q(G) equal to 1 on j and 0 on all other matrix units (from any 
block). Then 

® id)(W(e(^^- © 1)W*) = (w^^; © id) ^ G ■ 

a,b 

It follows that if £/ is the *-algebra generated by 

I i G Irr G, 1 < i,j, k, I < n^} 

then £/ is dense in A. Moreover, si/ is clearly invariant for Ag and for the antipode Sq. It follows 
that Ag(A)(1 © A) and (A © 1)Ag(A) are dense in A © A because ^ is invariant for the 
maps (a©6) ((id©S')AG(a))(1 © b) and (a©6) i-A (a© 1)((S'©id)AG(6)) which are inverse to 
a © 6 i-A AG(a)(ll © b) and a © 6 i-A (a © 1)Ag(&) respectively. Therefore A has the structure of the 
algebra of functions on a compact quantum group. Since the Haar measure on C(G) is faithful, its 
restriction to C(]HI) is also faithful and so L°°(]HI) is the weak closure of A. It follows that L°°(]HI) 
is equal to L°°(lnn(G)), and so H = Inn(G). □ 

Remark 3.6. 

(1) Consider G = SUq(2) ([3S]). Then it is easy to see that Inn(G) is the quantum group 
S0q(3) (see [ISJ Section 3]). In particular ^(G) = Z 2 (cf. Remark ET71 this can also be 
proved using [25l Proposition 3.4]). 

(2) More generally, if G is a compact matrix quantum group with irreducible fundamental 
representation and commutative fusion rules then Inn(G) is the projective version of G 
studied in [21 Section 3]. 
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(3) We thank the anonymous referee for the following observation. In fact when G is a compact 
matrix quantum group with irreducible fundamental representation u G M„ 0 0(G) a more 
precise description of and Inn(G) is available: 0(.S°(G)) is the quotient of 0(G) 

by the relations 

Uij = 0 if i 7 ^ j, u^^i = Ujj, i,j = l,...,n 

(this follows from irreducibility of u and the universal property of 2f{G)). In particular 
3r{G) is a subgroup of T. 

Let g be the image of the diagonal matrix elements of u in the epimorphism 0(G) —>■ 
Then the algebra 0(lnn(G)) is the *-subalgebra of 0{G) generated by 

<U I fc e N, ei,..., efe e {1, *}, = l}. 

Indeed, on one hand elements of the set above are invariant under the action of ^{G) and 
on the other hand elements of the form which generate 0(lnn(G)) clearly belong 

to this set. 

4. Action by inner automorphisms 

In this section we discuss natural actions of Inn(G) on the dual quantum group G, which in a 
sense replace the action of Inn(G) on G known in the classical setting. 

Let G be a locally compact quantum group. For any x € L°°{G) we define 

(4.1) 0 :^( 0 ;) = W(x G 1)W* and aL(x) = cr(W*(x G 1)W). 

Note that 

an{x) e L°“(G) G L“(lnn(G)) and ai^{x) € L°°(lnn(G)) G L“(G) 
and thus we obtain two mappings 

ciH: L°“(G) ^ L“(G) 0 L°°(lnn(G)) and ccl : L“(G) ^ L°°(lnn(G)) 0 L°°(G) 
which are easily shown to be actions of G: e.g. for x G L°°(G) we have 
(id® Ai„„(G))(aR(a:)) = (id ® Ac) (q:r(x)) 

= Wi2Wi3(a: ® 1 ® ll)W^3Wt2 

= W 12 [W(x ® ll)W*] ^3Wt2 
= (ctR ® id)(W(x ® 1)W*) = (ckr ® id)(Q:R(x)). 

yielding (id® Ai„„(G))oaR = (Q;R®id)oQ:R. Analogous formula (Ain„(G)®id)oaL = (id®Q;L)oQ;L 
follows from a similar calculation or from the fact that 

CIl = <T O (i? ® i?) O CKr o R. 

Suppose G is a classical locally compact group G. Then for any x G L°°{G) = vN(G) (the 
group von Neumann algebra of G) the element W*{x ® 1)W belongs to vN(G) ® L°°{G), i.e. it is 
an essentially bounded (in fact strongly continuous) function G —>■ vN(G). It is easy to see that it 
is the function 

G 9 1 1—s- Ptxpt, 

where t 1 —>■ pt is the right regular representation of G. In particular, for x = ps the element 
W*{x ® ll)W corresponds to the function 

G 3 1 1 —> Pt-^st G vN(G). 

This justifies the terminology introduced in the following definition. 

Definition 4.1. Let G be a locally compact quantum group. The actions cil and aR of Inn(G) 
on L°°(G) introduced by (14.ip will be called respectively the left and right action by inner auto¬ 
morphisms. 
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Remark 4.2. Let G be a locally compact quantum group and let L be a von Neumann subalgebra 
of L°“(G). The mapping aL: L°“(G) —5> L°“(lnn(G)) G L°“(G) can be restricted to L, but there 
is no guarantee that its values will lie in L°“(lnn(G)) ® L. In case this holds, we may call the 
subalgebra L invariant under oli^ because Q!l||_ defines a left action of Inn(G) on L. 

In the particular case when L is a left coideal the invariance under ckl was studied in [m Section 
4] and it was called normality. Thus a left coideal of L°°(G) is normal if and only if it is invariant 
under the left action by inner automorphisms (cf. [THl Definition 4.1], see also Section 1). 

Note further that invariance under left and right action by inner automorphisms are equivalent 
conditions for i?-invariant coideals. 

Definition 4.3 f |31l Definition 2.10]). Let H be a closed quantum subgroup of a locally compact 
quantum group G (recall this means that L°“(]HI) injects in a comultiplication preserving way into 
L°°(G)). We say that H is normal in the sense of Vaes if L°°(EI) C L°°{G) is a normal coideal. 

Let us point out that Definition 14.31 is not exactly the same as in |31] due to certain evolution of 
the notion of a closed quantum subgroup over time. Still, Remark 14.21 clearly shows that a closed 
quantum subgroup H of G is normal if and only if L°“(EI) C L°°(G) is invariant under the action 
by inner automorphisms (left or right). 

4.1. Normal subgroups in the sense of Wang. Already as early as in 1995 Wang defined the 
notion of a normal subgroup of a compact quantum group: 

Definition 4.4 ([35] Section 2]). Let K and L be a compact quantum groups. We say that L is 
a normal quantum subgroup of K in the sense of Wang if there is a surjective map p: C(IK) —>■ 
C(L) commuting with comultiplications such that for any irreducible representation u of K the 
multiplicity of the trivial representation in (id G p)u is either zero or equal to the dimension of u. 

Remark 4.5. Subgroups of compact quantum groups have been a topic of investigations for 
a much longer time than those of locally compact quantum groups (cf. e.g. |53| [53]). Initially 
a compact quantum group K would most likely be described on the universal level, i.e. by the 
C*-algebra we now call C“(]K), or without any restriction on which completion of the associated 
Hopf *-algebra 0(K) is used (see [35] Definition 1.1]). In this context a closed subgroup L of 
IK was usually taken to be a compact quantum group such that there exists a surjective map 
tt: C(K) —>• C(L) intertwining the respective comultiplications. Here C(K) and C(L) could be 
exotic completions of (!1(K) and 0(h) in the sense of [TT] . 

However, the map tt can be lifted to tt" : C“(K) —>■ C“(L). Indeed, as tt maps matrix elements of 
unitary representations to matrix elements of unitary representations, we have 7r(0(]K)) C 0{h), 
so TT restricted to 0(K) can be considered as a map into 0(L) C C“(L). Thus the universal 
property of C“(K) gives the ^-homomorphism 7r“. Now it is easy to check that the composition 
of 7r“ with the reducing morphism C“(L) Cr(L) is surjective, so by [7] Theorem 3.6] 7r“ is 
surjective. It follows that L is a closed subgroup of K in the sense of Woronowicz and, by [7] 
Theorem 6.1], also in the sense of Vaes. In particular we have a normal unital ^-homomorphism 
£“(£) -A 

Theorem 4.6. Let K 6e a compact quantum group and L be its closed subgroup. Then K is normal 
in the sense of Wang if and only if it is normal. 

Proof. Let tt: C“(IK) —>■ C“(L) be the epimorphism identifying L as a closed subgroup of K and 
define 

(!1(K/L) = |a € 0(K) | (id G 7r)AK(a) = a G l}, 

C>(L\IK) = {a G 0(K) I (tt G id)AK(a) = 1 G a}. 

Using m Eq. (8.6)] one can easily show that R maps these subalgebras of (!1(K) bijectively onto 
one another. Moreover 0(K/L) is a strongly dense *-subalgebra of L°°(K/L) which by definition 
is the co-dual of the coideal C £°“(K) and in fact 

(4.2) C>(IK/L) = L“(K/L) n 0{K) 
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(cf. [inj Proposition 3.4]). 

By [M] Proposition 3.2] L is normal in the sense of Wang if and only if ©(K/L) = C>(L\]K) or, 
in other words, if and only if 0(K/L) is i?-invariant. This means that C is strongly 

normal ([H Definition 4.5]) which by [THl Theorem 4.6] is equivalent to its normality, i.e. to L 
being normal in the sense of Definition 14.31 

Thus normality in the sense of Wang implies normality as defined in m (see the introductory 
section). Conversely, if L is normal then £°°(L) C £°°(K) is strongly normal, and so L°“(K/L) 
is i?-invariant. This means that any a € 0(]K/L) satisfies R{a) € L°°(K./L). But the set of all 
R{a) with a € 0(]K/L) is equal to 0(L\K), so 0(L\K) C L°°(K/L) which by (14.21) means that 
0(L\K) C 0(]K/L) and since R^ = id we have 0(L\]K) = C>(K/L). The latter is equivalent to 
Wang-normality of L again by [SU Proposition 3.2]. □ 

Note that in |22j it is shown that a certain class of classical automorphisms related to inner 
automorphisms of a compact quantum group preserves every quantum subgroup which is normal 
in the sense of Wang. In view of the result above and the fact that it is still not clear how to 
define classical inner automorphisms of a (locally) compact quantum group, so that the definition 
coincides with the standard one in the classical case, it is natural to ask the following question. 

Question. Every ‘classical point’ of Inn(G) (i.e. every character of the algebra Co(lnn(G))) 
determines an automorphism of a C*-algebra Co(G), at least when G is compact. How can one 
characterize the automorphisms of Co (G) which arise in this way? 


5. Examples 

In the final short section we discuss centers for cocycle-twists and duals of Drinfeld-Jimbo 
deformations. 


5.1. Center of a cocycle-twist. Let G be a quantum group and let fl € L°°{G) G L°°{G) be a 
unitary 2-cocycle, i.e. a unitary element such that 


fl23(id ® Ag)(D) = Hi2(Ag (g) id)(H). 
Using ft we define a map P: L°°(G) —?■ L°°(G) (g L°°(G) via 


r(x) = HAg(x)G*, xGL°°(G). 


It is easy to see that P is coassociative and, by results of De Commer ([5J Section 6]), L°°{G) 
with P as comultiplication carries the structure of an algebra of functions on a locally compact 
quantum group which we will denote G^. Thus in our notation P becomes Agjj. The dual of G*^ 
which we will denote by the symbol G^ is called the cocycle twist of G by D. 

Let us note that the centers of G and G^ are the same. Indeed, by definition we have = 

L°°(G). Moreover a central subalgebra in this von Neumann algebra is a Baaj-Vaes subalgebra 
for Ag if and only if it is a Baaj-Vaes subalgebra for Agj,. To see this assume that A is a central 

Baaj-Vaes subalgebra of L°“(G) for Ag. Then Ag(A) C AigA C S’(L°“(G)) (g ^(L°°(G)) and 
we get 

^gIa “ ^G?^ Ia' 


Since A with Ag|^ defines a locally compact quantum group H, using [U Proposition 10.5] and 
m Proposition 5.45], we find that the unitary antipode and scaling group of G restricted to A 
coincide with the corresponding maps for H. In particular A is a Baaj-Vaes subalgebra in 
for Ags- 

The equality of centers of G and G^ follows now from Definition 12.21 
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5.2. Duals of Drinfeld-Jimbo deformations. We will now consider Drinfeld-Jimbo deforma¬ 
tions of a semisimple simply connected compact Lie group ([5]). Let G be such a group. As 
described e.g. in [U Section 2.4] to any value of the deformation parameter q g] 0, 1[ a compact 
quantum group Gq is associated (see also m)- We will characterize the center (and consequently 
also the quantum group of inner automorphisms) of the dual discrete quantum group Gq. In this 
section we will assume that the deformation parameter q is transcendental. This is needed in order 
to use results from [12]. 

Theorem 5.1. For a Drinfeld-Jimbo quantization Gq we have ^{Gq) = {e}. Consequently 
Inn(Gq) = Gq. 

Proof. Recall from Theorem 12.101 that L°“(.^(G)) coincides with 

L(G;) = {xG L°^iGq) I Ag,(x) e L°^iGq) G ir(L“(G,))}. 

Moreover L(Gg) is a left coideal, so we can consider it as a von Neumann algebra with an action 
of Gq. Since the von Neumann algebraic version of Podles condition holds automatically f [14l 
Corollary 2.9]) we may decompose L(Gg) into isotypical components. More precisely, there exists 
a family {Vijigi of irreducible 0(G5)-comodules such that Vi C 0{Gq) C L(Gg) for each i gX 
and as a 0(Gg)-comodule 

-weak 

L(G,)=0V. . 

i 

Now [HI Theorem 9.3.20] shows that iF(0(Gq)) = Cl. The facts stated above imply then 
that for each i € I we have Vi = Cl. The ergodicity of the action Gq on L(Gq) implies now that 
L(Gg) = Cl and the rest of the theorem follows. □ 

Remark 5.2. The proof of Theorem 15.II will work equally well for any compact quantum group 
such that 0{G) has trivial center. Hence it can be restated in the following more general form. 

Theorem 5.3. Let G be a compact quantum group with .S°(0(G)) = Cl. Then 2f{G) = {e} and 
Inn(G) = G. 
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